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NON-FORMALITY OF MILNOR FIBERS OF LINE ARRANGEMENTS
HUGUES ZUBER
Abstract. The complement M of a complex line arrangement A in P2(C) is formal, and
admits a finite cover F →M , where F is the associated global Milnor fiber. An example
where F is not formal (not even 1-formal), is given in this article.
1. Introduction
Let f ∈ C[x0, . . . , xn] be a homogeneous polynomial. The natural projection pi :
Cn+1 \ {0} → Pn(C) restricts to a map pi : F −→ M , from the global Milnor fiber
F = f−1(1) to the complement M = Pn(C) \ f−1(0). Consider the particular case when
f splits into a product of linear forms, so that f−1(0) ⊂ Pn is a hyperplane arrangement.
Then it is known that M is formal [2], and one may wonder if this property passes to the
Milnor fiber F (see Question 2.10 in [7]). The goal of this paper is to give an example
where F is not formal (and actually, not even 1-formal).
The characteristic varieties (of rank one local systems) of a complex varietyX are defined
as the jumping loci for the cohomology of complex rank one local systems on X :
V d1 (X)) = {L ∈ H
1(X,C∗), dimCH
1(X,L) ≥ d}.
These are algebraic subvarieties of the algebraic group
T(X) = H1(X,C∗) ≃ Hom(H1(X),C
∗)
whose connected component of identity is T(X)1 ≃ (C
∗)b1(X), where b1(X) is the first Betti
number of X .
Another class of invariants, the resonance varieties, are defined at the level of H1(X,C) by
Rd1(X) = {ω ∈ H
1(X,C), dimCH
1(H•(X,C), ω∧) ≥ d}.
Actually, in many cases, those two kinds of varieties are related via the exponential map
exp : H1(M,C) −→ H1(M,C∗).
Precisely, if the complex variety X is 1-formal, then exp(Rd1(X)) is the reunion of the com-
ponents of V d1 (X) that contain the origin 1 ∈ H
1(X,C∗). So, in this case, Rd1(X) is the
tangent cone at the origin of V d1 (X), TC1V
d
1 (X). This theorem was proved by A. Dimca,
S. Papadima, and A. Suciu in [8].
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The example given in this paper is a line arrangement in P2(C) such that R11(F ) 6=
TC1V
1
1 (F ). It is defined by (f = 0), with
f = (x3 − y3)(x3 − z3)(y3 − z3).
It is described in [3], 3.2 (i), and also in [5], Theorem 6.4.15. This arrangement has nine
lines, no ordinary double points, and twelve triple points. The geometric monodromy on
the Milnor fiber h : F → F acts on H1(F,C), is diagonalisable (because h9 = Id), and
has only three eigenvalues: 1, e2iπ/3, and e−2iπ/3. The dimensions of the corresponding
eigenspaces in H1(F,C) are respectively 8, 2 and 2. In section 3, we prove the following:
Theorem 1. The first resonance variety R11(F ) of F does not coincide with the tangent
cone at 1, TC1V
1
1 (F ), of V
1
1 (F ). In particular, F is not 1-formal.
2. Components of the characteristic varieties.
2.1. Let A = {H1, . . . , Hd} be a complex line arrangement in P
2. For i ∈ {1, . . . , d}, we
denote by fi a linear form such that Hi = (fi = 0). Let f = f1 · . . . · fd ∈ C[x, y, z] be the
homogeneous polynomial associated to A. The map f also defines a hypersurface (f = 0)
of P2. We set M = P2 \ (f = 0), and denote by F the Milnor fiber
F = f−1(1) ⊂ C3.
The natural projection pi : C3 \ {0} → P2 induces
pi : F −→M,
which is a d-fold covering. The deck transformation group of F → M is isomorphic to
Z/dZ. We fix a base point b ∈M , a base point b˜ ∈ F with pi(b˜) = b, and denote by
R : pi1(M, b) −→ pi1(M, b)/pi♯(pi1(F, b˜)) ≃ Z/dZ
the morphism of passage to the quotient.
Let us denote by γ1, . . . , γd elementary loops around, respectively, H1, . . . , Hd. It is known
that γ1, . . . , γd generate pi1(M, b). Up to orientation of the γi’s, we have for all i, R(γi) = 1
(see [4], section 1).
2.2. Let us denote simply, for any complex variety X , by V1(X) the first caracteristic va-
riety V 11 (X), and similarly R1(X) = R
1
1(X). According to Arapura [1], any positive dimen-
sional irreducible component of V1(X) is of the form ρf
∗H1(C,C∗), where ρ ∈ H1(X,C∗)
is a torsion character, and f : X → C is an admissible map. Moreover, any admissible
map f : X → C to a curve of negative Euler characteristic (Arapura calls it “of general
type”) gives rise to a component f ∗H1(C,C∗) of V1(X).
Since M is a line arrangement complement in P2, several kinds of components of V1(M)
can occur, among which:
• the local components. Fix p ∈ P2 belonging to k lines of A, with k ≥ 3. Consider
the map M → P1 which associates to a point p′ of M the class of the line passing
through p and p′. The image of this map is P1 deprived of k points, which has
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negative Euler characteristic, so, restricted to its image, it is an admissible map of
general type, and gives rise to a component of V1(M).
• the global components. Recall from [5], Chapter 4, that
H1(M,C∗) ≃ {(λ1, . . . , λd) ∈ (C
∗)d, λ1 · . . . · λd = 1}.
A global component is a component which contains the origin 1, and which is
included in none of the coordinate hypersurfaces (λi = 1).
2.3. Let W be a global irreducible component of V1(M). Then, according to [9], there
exists a pencil
φ : M −→ Sφ = P
1 \ {a1, . . . , ak}
which is an admissible map in the sense of Arapura [1], associated to the component W .
We have k ≥ 3, so that χ(Sφ) < 0. Actually, φ extends to a pencil φˆ : P
2\B → P1, where B
is the base locus of the pencil. There exist exponents k1, . . . , kd, and indices m1 < · · · < mk
such that
φˆ−1(a1) = (f
k1
1 · · ·f
km1
m1 = 0)
φˆ−1(a2) = (f
km1+1
m1+1
· · · f
km2
m2 = 0)
...
φˆ−1(ak) = (f
kmk−1+1
mk−1+1
· · · fkdd = 0).
For i ∈ {1, . . . , k}, we set Ci = φ
−1(ai), and Qi =
∏mi
j=mi−1+1
f
kj
j . Since φ is a pencil, the
space < Q1, . . . , Qk > is of dimension 2, generated by any two of the polynomials Q1, . . . ,
Qk. We can suppose that a1 = [0 : 1] and a2 = [1 : 0], so that φ is the pencil [Q1 : Q2].
Since φ is admissible, its generic fiber is connected. Let N0 be a Zariski-closed subset
of Sφ such that for x ∈ Sφ \ N0, φ
−1(x) is connected. Given such a generic x, we denote
by Fφ a generic fiber of φ.
Proposition 2. Suppose that for all i, ki = 1, and that there is a point p in the base locus
B of the pencil φ such that the multiplicity of Cj in p is 1 for all j.
Then there exists a non-constant morphism φ˜ : F → S˜φ, with connected generic fiber, such
that the following diagram is commutative:
F
φ˜
//
π

S˜φ
π˜

M
φ
// Sφ
Here p˜i is induced by the projection C2 \ {0} → P1, and S˜φ is a Milnor fiber of a degree k
homogeneous polynomial in two variables.
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Proof. We set, for j ≥ 3, Qj = αjQ1 + βjQ2, and
S˜φ = {(u, v) ∈ C
2, uv
k∏
j=3
(αju+ βjv) = 1}.
Then it is straightforward that
φ˜ : (x, y, z) 7−→ (Q1(x, y, z), Q2(x, y, z))
maps F to S˜φ, because, since for all i, ki = 1, Q1 · · ·Qk = f1 · · ·fd. So we have the desired
commutative diagram.
The image of φ˜ is a constructible subset of the curve S˜φ, so equals all S˜φ deprived of a finite
number of points, whose set of images through p˜i we denote by N1. We set N = N0 ∪N1.
It is a finite subset of Sφ. We choose a point y in S˜φ \ p˜i
−1(N), and show that the fiber
φ˜−1(y) is connected. We set Fφ = φ
−1(p˜i(y)), and F˜φ = pi
−1(Fφ).
As F → M is a d-fold covering, F˜φ → Fφ is a d-fold covering. We want to know the
number of connected components of F˜φ, so we study the action of pi1(Fφ, p0), with p0 ∈ Fφ,
on pi−1(p0). This action is given by the composition of pi1(Fφ)→ pi1(M) and R.
Let p be a point in the base locus of the pencil φ such that the multiplicity of Cj in p is
1 for all j. Then the closure (in P2) Fφ is smooth at p. Indeed, Fφ is the zero locus of
αQ1+βQ2, for some non-zero α and β, so it is sufficient that at least one of the two curves
C1 or C2 be smooth at p, and actually the hypotheses imply both are smooth.
Let βp be a small elementary loop in Fφ around p. Since C1 ∩C2 = C1 ∩C2 ∩ · · · ∩Ck, and
with the multiplicity hypotheses at p, we can say that p is the intersection of k lines of A.
Suppose their indices are i1, . . . , ik. We have
[βp] = [γi1 ] + · · ·+ [γik ],
where [γ] denotes the class of the loop γ in H1(M), see [6], p.209. So R(βp) = k, and βp acts
as an element of order d/k, which induces k orbits on the fiber pi−1(p0). Consequently, the
action of pi1(Fφ) has at most k orbits. This implies F˜φ has at most k connected components.
Let x ∈ Sφ \ N1. The fiber p˜i
−1(x) is a finite set of exactly k elements, each of which
is in the image of φ˜, so φ˜−1p˜i−1(x) has at least k connected components.
Eventually, take y ∈ S˜φ to be a generic point as specified before. Suppose φ˜
−1(y) (which
is not empty) is not connected. Set x = p˜i(y). The fiber φ˜−1p˜i−1(x) has strictly more than
k connected components. But
φ˜−1p˜i−1(x) = pi−1φ−1(x)
= pi−1(Fφ)
= F˜φ,
which has at most k components. We obtain a contradiction, which means the generic
fiber φ˜−1(y) is connected. 
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2.4. There is a similar result for local components. Let W be a local component, associ-
ated to a point p of multiplicity k ≥ 3. Let φ : M → P1 \ {a1, . . . , ak} be the associated
admissible map. Let φ˜ = pi ◦ φ. The diagram is the following:
F
φ˜
  A
A
A
A
A
A
A
A
π

M
φ
// Sφ
Proposition 3. Suppose the arrangement A is not central (not all the lines meet in one
point). Then the generic fiber of φ˜ : F → P1 \ {a1, . . . , ak} is connected.
Proof. Let i ∈ {1, . . . , d} be such that p 6∈ Hi. Let a ∈ P
1 \ {a1, . . . , ak}. Let p
′ denote
the intersection point of φ−1(a) and Hi. Let β be a small elementary loop around p
′ in
φ−1(a) \ {p′}. Then R(β) = R(γi) = 1. So this β as an element of pi1(φ
−1(a)) acts with
order d on φ˜−1(a), hence the action of pi1(φ
−1(a)) on φ˜−1(a) is transitive, and φ˜−1(a) is
connected. 
Remark. Suppose the arrangement is central, and set, for i ≥ 3, fi = λif1 + µif2. Let
a = (α : β) ∈ P1 \ {a1, . . . , ak} with α 6= 0. Then φ is the pencil (x : y : z) 7→ (f1(x, y, z) :
f2(x, y, z)), and φ˜
−1(a) is the set
{(x, y, z) ∈ C3, f2(x, y, z) =
β
α
f1(x, y, z) and f1f2
∏
i
(λif1 + µif2)(x, y, z) = 1}.
In this set, the second condition reduces to
f d1 (x, y, z) =
1
β
α
∏
i(λi + µi
β
α
)
.
So the fiber φ˜−1(a) is a union of d parallel lines in C3, and is not connected.
3. Example
Consider the line arrangement A of P2, defined in the introduction, given by (f = 0),
with
f = (x3 − y3)(x3 − z3)(y3 − z3).
This section is devoted to the proof of Theorem 1, so we suppose from now on R1(F ) =
TC1V1(F ) and derive a contradiction.
The pencil
φ :
M −→ S := P1 \ {[1 : 0], [0 : 1], [1 : −1]}
(x : y : z) 7−→ (x3 − y3 : y3 − z3)
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is an admissible map describing a global irreducible component of the characteristic variety
V1(M). By Proposition 2, it comes with a commutative diagram
F
π

φ˜
// S˜
π˜

M
φ
// S
where pi and p˜i are induced by the natural projections, and
S˜ = {(u, v) ∈ C2, uv(u+ v) = 1}.
Let E = φ˜−1H1(S˜,C). According to Arapura [1], since χ(S˜) = −3 < 0, it is an irreducible
component of the tangent cone TC1V1(M).
Lemma 4. There is a mixed Hodge structure on E, decomposing as
E = E1,1 ⊕E1,0 ⊕ E0,1,
with
dimE1,1 = 2, dimE1,0 = 1, dimE0,1 = 1.
Proof. There is a mixed Hodge structure on H1(S˜,C). Let us refer to [5], Theorem C24,
to state that the weight filtration for this MHS satisfies W0 = 0 and W2 = H
1(S˜,C). The
Hodge filtration F satisfies F 0 = H1(S˜,C) and F 2 = 0. Denote by H1,1, H1,0, and H0,1,
respectively, the spaces F 1 ∩ F
1
, W1 ∩ F
1, and W1 ∩ F
1
. A compactification of S˜ is given
by the curve (uv(u+ v) − t3 = 0) in P2, whose genus is 1, so point (iii) of Theorem C24
yields dimW1 = 2. Example C26 in [5] gives
dimH1,1 = dimM(uv(u+ v))1 = 2,
where
M(uv(u+ v)) = C[u, v]/
(
u2 + 2uv, v2 + 2uv
)
is the associated graded Milnor algebra.
The map φ˜ is dominant, so induces a monomorphism at the H1 level. Setting for all i, j,
Ei,j = φ˜−1H i,j, the lemma is proved. 
The fiber F is also endowed with a mixed Hodge structure. Since Deligne’s construction
of a MHS on an algebraic variety is functorial, φ˜ is a morphism of MHS, and the MHS on
E from the lemma is induced by the MHS on F . We denote the latter by
H1(F,C) = H1,1(F )⊕H1,0(F )⊕H0,1(F )︸ ︷︷ ︸
W1(F )
.
Recall from [7], Theorem 4.1, that
H1,1(F ) = H1(F,C)1 ≃ H
1(M,C),
the middle space denoting the eigenspace associated to the eigenvalue 1 under the action
of monodromy h∗. Also,
W1(F ) = H
1(F,C) 6=1,
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with a similar notation. In this example, the only two eigenvalues different from 1 are
λ = e2iπ/3 and λ, and dimW1(F ) = 4.
Lemma 5. For all α ∈ H1(F,C)λ and β ∈ H
1(F,C)λ, α∪β = 0. Consequently, W1(F ) ⊂
R1(F ).
Proof. Take such α and β. Then
h∗(α ∪ β) = h∗(α) ∪ h∗(β) = λλα ∪ β = α ∪ β,
so α ∪ β ∈ H2(F,C)1 ≃ H
2(M,C), and this latter space has a pure Hodge structure of
weight 4, whereas α ∪ β is of weight 2, so α ∪ β = 0. Now, with the definition of R1(F ),
we deduce that α and β are in R1(F ), so H
1(F,C)λ ⊂ R1(F ) and H
1(F,C)λ ⊂ R1(F ).
Let E ′ be the component of R1(F ) which contains H
1(F,C)λ. Since we suppose R1(F ) =
TC1V1(F ), E
′ has a MHS, and then E ′ ⊃ H1(F,C)λ = H
1(F,C)λ. So E
′ ⊃ W1(F ). 
Let E ′ denote the linear irreducible component of R1(F ) which contains W1(F ). Then
E ′∩E 6= {0}, but E ′∩H1,0(F ) has dimension 2 whereas E∩H1,0(F ) = E1,0 has dimension
1, so E ′ 6= E, and this is a contradiction because E is supposed to be a component of
TC1V1(F ) = R1(F ).
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